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Introduction
L. Kauffman [9] defined a virtual knot to be the equivalence class of a knot diagram possibly with 'virtual crossings' (that are encircled double points) under equivalence relation generated by 'generalized Reidemeister moves'. Using the same generalized Reidemeister moves, one can define a long virtual knot to be the equivalence class of a long knot diagram possibly with virtual crossings. Obviously there is a natural mapping from the set of long virtual knots to the set of virtual knots, which is defined by closing the ends. However M. Goussarov, M. Polyak and O. Viro [2] pointed out that this mapping has no inverse mapping and that studying long virtual knots is essential. Refer to [2, [9] [10] [11] 14, 15] , etc., for these terminologies and related topics. For a long virtual knot K , we denote by K the closure of K .
In this paper we define an invariant Λ K = Λ K (A, t) of a long virtual knot K which is an element of Q[A ±1 , t ±1 ], the ring of Laurent polynomials in the 2 variables A and t with coefficients in the rational number field Q. Our invariant of K dominates the Kauffman f -polynomial [9] and the Miyazawa polynomial [12, 13] of the closure K of K . In general, when a virtual knot invariant v is given, one can obtain a long virtual knot invariant by v( K ). The invariant Λ K is never obtained this way.
The closure K 1 · K 2 of the concatenation product K 1 · K 2 of long virtual knots K 1 and K 2 is a connected sum of the closures of K 1 and K 2 . The Kauffman f -polynomial satisfies a product formula for virtual knots: the Kauffman f -polynomial of K 1 · K 2 is equal to the product of those of K 1 and K 2 . The Miyazawa polynomial, which is a refinement of the Kauffman f -polynomial, does not satisfy this property. Our invariant Λ K satisfies a product formula for the product of long virtual knots. By the formula, one can obtain the Miyazawa polynomial of a connected sum of virtual knots.
The real crossing number or virtual crossing number of a (long) virtual knot K is the minimum number of real crossings or the minimum number of virtual crossings of all diagrams representing K , respectively. The absolute values of the highest degree and the lowest degree of the invariant Λ K in the variable t give lower bounds for the real crossing number and the virtual crossing number of a long virtual knot (Theorem 1(iii)).
Our invariant gives a decomposition of the Miyazawa polynomial (Theorem 1(ii)), which implies the symmetry of coefficients of the Miyazawa polynomial with respect to the variable t immediately. 
In particular, let f K (A) be the Kauffman f -polynomial of K , then In Section 2 we recall the Kauffman f -polynomial [9] and the Miyazawa polynomial [12, 13] . The definition of our invariant Λ K and proofs of (i) and (ii) of Theorem 1 are given in Section 3. In Section 4 we show some examples demonstrating Theorem 1 and its application. A remark on the Miyazawa polynomial is given in Section 5. An alternative definition of Λ K is given and the assertion (iii) of Theorem 1 is proved in Section 6.
The Kauffman and Miyazawa polynomials of a virtual knot
First we recall the Kauffman f -polynomial introduced in [9] . Let D be a diagram of a virtual knot K . A state of D means an assignment of " A" or "B" to each real crossing, or the diagram obtained from D by replacement as in Fig. 1, called A-splice 
where S runs over all states of D. It is shown in [8] that for a classical knot the Kauffman f -polynomial is equivalent to the Jones polynomial [3, 4] . (Thus the f -polynomial is also called the Jones-Kauffman polynomial [10] .) Now we recall the Miyazawa polynomial introduced in [12, 13] . An edge of a state S means a segment of S divided by nodes (ignoring virtual crossings), which is an arc of S between two consecutive nodes or a loop of S without nodes. Thus S is a union of edges, whose intersections are virtual crossings. A weight map of a state S is a map σ : {edges of S} −→ {±1} such that σ (e) = σ (e ) for adjacent edges, e and e . There 
where (S, σ ) runs over all pair of states and weight maps. For a virtual knot K , the Miyazawa polynomial
where D is a diagram representing K [12, 13] .
Note that for each state S there are 2 (S) weight maps σ . Thus, when we put t = 1, we have
Example 2. Let D be the virtual knot diagram depicted in Fig. 2 . Considering all states of D and weight maps, we obtain the Miyazawa polynomial of Kishino's knot (cf. [12, 13] ):
Putting t = 1 we have f K (A) = 1. By the following lemma, we see that the virtual crossing number of Kishino's knot is two.
Lemma 3. (Proposition 5.4 of [12] and Proposition 4.6 of [13]) The virtual crossing number of a virtual knot K is greater than or equal to the highest degree of M K (A, t) in the valuable t.
It is convenient to introduce the following notation. For a virtual knot diagram D and an integer n, we denote by μ n (D)
where (S, σ ) runs over all pairs of states and weight maps with w virt (S, σ ) = n. 
The invariant Λ of a long virtual knot
Let D be a diagram of a long virtual knot K . Let S be a state of D, which is a union of one line and some loops with/without virtual crossings and nodes.
An edge of S means a segment of S divided by the nodes. A weight map of S is a map σ : {edges of S} → {±1} such that σ (e) = σ (e ) for adjacent edges e and e .
The initial edge of S means the edge of S that has the upper end of D, which is the source of the orientation of K . When σ of the initial edge is +1 (or −1, resp.), we call σ a positive weight map (or a negative weight map, resp.).
We denote by (S) be the number of A-splices minus the number of B-splices, and by (S) the number of loop components of S. There exist 2 (S) positive weight maps of S and 2 (S) negative ones. The virtual writhe is also defined for a long virtual knot as the sum of the Miyazawa indices.
where (S, σ ) runs over all pairs of states and 'positive' weight maps such that the virtual writhe w virt (S, σ ) is n, and let
For a long virtual knot K , we define λ n (K ) to be λ n (D) and
The well-definedness of λ n (K ) and Λ K (A, t) is verified by a routine argument, which is analogous to that in [12, 13] . The details are left to the reader.
Example 5. Let K be a long virtual knot in the left of Fig. 6 . There exist four states for the diagram. Three of them have no loop components, and each of them has one positive weight map depicted as (1), (3) and (4) in the figure. The other state has a loop component, and it has two positive weight maps depicted as (2-1) and (2-2). The virtual weights of (1), (2-1), (2-2), (3) and (4) are −1, +1, −1, 0, +1, respectively. Thus we have
and
Proofs of (i) and (ii) of Theorem 1. 
and hence we have (1). Now we prove (ii). Let
where S runs over all states of D and σ runs over all 'negative' weight maps of S.
First, we show the following equality: Therefore, by definition, we have
By (16), we have
which implies (2) . From (2) and (6), we have (3). 2
Corollary 6. If the closure K of a long virtual knot K is a classical knot, then
Proof. If K is a classical knot, then μ n ( K ) = 0 for n = 0 (cf. [12, 13] ). By (18), we have λ −n (K ) = −λ n (K ). 2
Examples
We show some examples to demonstrate Theorem 1.
Example 7.
Let K 1 and K 2 be long virtual knots illustrated in Fig. 7 . (The knot K 1 is K in Fig. 6 .) The invariants of them are Thus, K 1 and K 2 are different long virtual knots. However their closures K 1 and K 2 are trivial knots, and K 1 and K 2 cannot be distinguished by any invariants coming from invariants of their closures. Moreover, by (iii) of Theorem 1, we see that the virtual crossing numbers of K 1 and K 2 are one.
Example 8. Let K 1 and K 2 be as in Fig. 7 and let K = K 1 · K 2 be their product. The closure K is a virtual knot called Kishino's knot (Fig. 7) . By (1), we obtain from (19) that
and then by (2), we have (7). This calculation (including a calculation to obtain (19)) is simpler than a direct calculation following the definition for which we need to consider all states and all weight maps for the whole diagram of Kishino's knot as in Example 2. By (iii) of Theorem 1 and Lemma 3, we see that the virtual crossing numbers of K and K are two (cf. [1, 5, 12, 13] ).
In general, λ −n (K ) is not obtained from λ n (K ) as shown in the following example (cf. Corollary 6), although we have
Example 9. Let K be a long virtual knot illustrated in Fig. 8 . The invariant λ n of K and the invariant μ n of K are
Example 10. Let K (m) be the m-fold product of the long virtual knot K illustrated in Fig. 8 . From (14) and (18), we obtain from (21) that
By (iii) of Theorem 1 and Lemma 3, we see that the virtual crossing numbers of K (m) and its closure K (m) are m, since they have diagrams with exactly m virtual crossings.
A remark on the Miyazawa polynomial
In [12, 13] , the Miyazawa polynomial is defined more generally as follows. Let φ : Z → R be a fixed map from Z to a commutative ring R with 1.
(26) Fig. 9 . Signs of c-pairs.
Fig. 10.
For a virtual knot K , the
where D is a diagram of K [12, 13] . 
Proof. It is a consequence of (18). Let c be a c-pair, and let e k (k = 1, 2, 3, 4) be the edges around c as depicted in Fig. 9 (1). 
where (S) is the number of A-splices minus the number of B-splices, (S) is the number of loop components of S, and (S, σ ) runs over all pairs of states and positive weight maps.
Theorem 12. For a diagram D of a long virtual knot K , X D (A, t) = Λ D (A, t).
Proof. Let (S, σ ) be a pair of a state of D and a positive weight map. Remove all c-pairs of S by replacing them as in Fig. 10 , where edges assigned +1 by the weight map σ , are drawn thickly. Let D be the result. The diagram D consists of immersed circles in R 2 , with each circle assigned +1 or −1. Let D + and D − be the union of circles of D whose signs are +1 and −1, respectively. Let a 1 , a 2 , a 3 and a 4 be the numbers of crossings of D as in Fig. 11(1) , (2), (3) and (4), respectively. Since the algebraic intersection number of D + and D − is zero, we see that a 1 − a 2 + a 3 − a 4 = 0. Noting that the crossings as in Fig. 11 (1) and (2) come from c-pairs as in Fig. 10 , by the definition of ι(S, σ ), we have a 1 − a 2 = −ι(S, σ ). 
By (10), (11), (28) and (29) 
